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Abstract 



We present the properties of new Dirac-type operators generated 
by real or complex-valued special Killing- Yano tensors that are covari- 
. antly constant and represent roots of the metric tensor. In the real case 

these are just the so called complex or hyper-complex structures of the 
Kahlerian manifolds. Such a Killing- Yano tensor produces simultane- 
ously a Dirac-type operator and the generator of a one-parameter Lie 
group connecting this operator with the standard Dirac one. In this 
way the Dirac operators are related among themselves through contin- 
uous transformations associated with specific discrete ones. We show 
that the group of these continuous transformations can be only U(l) or 
SU(2). It is pointed out that the Dirac and Dirac-type operators can 
form N = 4 superalgebras whose automorphisms combine isometries 
with the SU{2) transformation generated by the Killing- Yano tensors. 
As an example we study the automorphisms of the superalgebras of 
Dirac operators on Minkowski spacetime. 
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1 Introduction 

The quantum physics in curved backgrounds uses operators acting on spaces 
of vector, tensor or spinor fields whose properties depend on the geometry 
of the manifolds where these objects are defined. A crucial problem is to 
find the symmetries having geometrical sources and the related operators. 
The problem is not trivial since, beside the evident geometrical symmetry 
given by isometries, there are different types of hidden symmetries frequently 
associated with supersymmetries that deserve to be carefully studied. 

The isometries are related to the existence of the Killing vectors that 
give rise to the orbital operators of the scalar quantum theory commuting 
with that of the free field equation. In the theories with spin these operators 
get specific spin terms whose form is strongly dependent on the local non- 
holonomic frames we choose by fixing the gauge PUI2]- Recently the theory 
of isometries was extended allowing one to pick up well-defined conserved 
quantities in theories with matter fields of any spin [Hill]. 

Another type of geometrical objects related to several specific supersym- 
metries are the Killing- Yano (K-Y) tensors [H] and the Stackel-Killing (S-K) 
tensors of any rank. The K-Y tensors play an important role in theories with 
spin and especially in the Dirac theory on curved spacetimes where they 
produce first order differential operators, called Dirac-type operators, which 
anticommute with the standard Dirac one, D P3E]- Another virtue of the K- 
Y tensors is that they enter as square roots in the structure of several second 
rank S-K tensors that generate conserved quantities in classical mechanics 
or conserved operators which commute with D. The construction of Ref. pQ 
depends upon the remarkable fact that the S-K tensors must have square root 
in terms of K-Y tensors in order to eliminate the quantum anomaly and pro- 
duce operators commuting with D jjj. These attributes of the K-Y tensors 
lead to an efficient mechanism of supersymmetry especially when the S-K 
tensor is just the metric tensor and the corresponding roots are covariantly 
constant K-Y tensors. Then each tensor of this type, f l , called from now unit 
root, gives rise to a Dirac-type operator, D % , representing a supercharge of 
a non-trivial superalgebra {D % ,Di} oc D 2 5ij [8\. The real-valued unit roots 
are nothing other than the complex or the hyper-complex structures of the 
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Kahlerian manifolds. However, it was shown that operators D l can be pro- 
duced by unit roots with complex- valued components EI] • This represents 
an extension of the Kahlerian geometries that seems to be productive for the 
Dirac theory since it permits to construct superalgebras of Dirac-type oper- 
ators even on the Minkowski spacetime which is not Kahlerian, having only 
complex- valued unit roots (TUl HI] ■ 

It is known that in four- dimensional manifolds the standard Dirac op- 
erator and the Dirac-type ones can be related among themselves through 
continuous or discrete transformations ^21 QUI • It is interesting that there 
are only two possibilities, namely either transformations of the U(l) group or 
SU(2) transformations [121 HH1 HI] • in the case of the real- valued unit roots, 
the first type of symmetry is proper to Kahler manifolds while the second 
largest one is characteristic for hyper-Kahler geometries [T2] • However, simi- 
lar results can be obtained also in the non-Kahlerian case of complex-valued 
unit roots. Recently we have shown that the symmetries of this type can not 
be larger than SU(2) [TT]. Moreover, we pointed out that their transforma- 
tions can be mixed with the isometries in order to obtain the automorphisms 
of the superalgebras of Dirac and Dirac-type operators of the hyper-Kahler 
manifolds J3]- In the present paper we continue this study focusing on the 
automorphisms of the superalgebras of Dirac operators on non-Kahlerian 
manifolds, including the Minkowski spacetime. 

The paper is organized as a report including the previous results one 
needs for presenting the new topic. We start in the second section with 
the construction of a simple version of the Dirac theory in manifolds of any 
dimensions. In the next section we present the theory of external symmetry 
of the Dirac field [3]. The unit roots are defined in the fourth section giving 
their main properties in the Kalerian well as in the non-Kahlerian 

one. The main conclusion is that there are either single unit roots or triplets 
of unit roots which have special algebraic properties similar to those of the 
quaternion algebra. The Dirac-type operators produced by unit roots are 
introduced in the next section showing that these and the standard one, 
D, can be organized as superalgebras, with TV = 2 in the case of single 
unit roots and M = 4 when one has triplets. The sixth section is devoted 
to the continuous symmetries generated by unit roots that relate the Dirac 
operators among themselves. We show that these are given by the group U(l) 
when M = 2 or by the group £77(2) in the case of M = 4. In the next one 
we study the effects of isometries pointing out that the isolated unit roots 
are invariant while the triplets transform according to a specific induced 
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representation of the isometry group. Using these elements we discuss the 
automorphisms of our superalgebras in the section eight. Finally we study 
the superalgebras of the Dirac and Dirac-type operators of the Minkowski 
spacetime. 

2 The Dirac theory in any dimensions 

The gauge-covariant theory of the Dirac field can be formulated in any (non- 
holonomic) orthogonal local frame of a (pseudo-)Riemannian manifold M n . 
Thus we must consider simultaneously a local frame and an usual natural 
frame represented by the local chart where we introduce the coordinates, 
x^, /i, v, ... = 1, 2, ...n. The local frames are defined by the gauge fields (or 
"vilbeins") e(x) and e(x), whose components are labeled by the local indices 
a, fi, ... = 1, 2, ...n. We remind the reader that the local indices are raised 
or lowered by the (pseudo-) Euclidean metric rj of the flat model of M n while 
for the natural indices we have to use the metric tensor g(x). The fields e and 

e accomplish the conditions e^e" = 5^, e^e^ = orthogonality relations, 
SV^e^ = r) & p, and give the metric tensor of M n as = rj^e^. 

In what follows we shall focus only on the manifolds with an even number 
of dimensions. In addition, we assume that the metric rj has an arbitrary 
signature, n_) with n + + n_ = n = 2k. 

2.1 Clifford algebra and the gauge group 

For the Dirac theory in manifolds M n with n = 2k a 2k + 1-dimensional 
Clifford algebra [T3| is enough. This is defined on the 2 fc -dimensional space 
\P of the complex spinors if) = (pi ® <^ 2 ... <8> y5 fc built using complex two- 
dimensional Pauli spinors (p. According to our previous general results [TTj . 
we know that one can define a set of point-independent gamma matrices 7^, 
labeled by local indices, such that 

{ 7 & , 7^} = 2fh . (l) 

where 1 is the identity matrix. In this form, the first n + matrices 7^ remain 
hermitian while the n_ last ones become anti-hermitian. The unitaryness 
can be restored replacing the usual Hermitian adjoint with the generalized 
Dirac adjoint [TTj . 
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Definition 1 We say that ip = is the generalized Dirac adjoint of the 
field tp if the hermitian matrix 7 = 7+ satisfies the condition (7) 2 = 1 and 
all the matrices 7^ are either self-adjoint or anti self-adjoint with respect to 
this operation, i.e. 7^ = 7(7^) + 7 = 



It is clear that the matrix 7 play here the role of metric operator giving the 
generalized Dirac adjoint of any square matrix X as X = / yX +, -f. 

The gauge group G(rj) = 0(n + ,n_) of M n defining the principal fiber 
bundle is a pseudo-orthogonal group that admits an universal covering group 
G(r]) which is simply connected and has the same Lie algebra we denote by 
g(r/). The group G(rj) is the model of the spinor fiber bundle that completes 
the spin structure we need. In order to avoid complications due to the pres- 
ence of these two groups we consider here that the basic piece is the group 
G(rj), denoting by [u] their elements in the standard covariant parametriza- 
tion given by the skew-symmetric real parameters u^p = —oj^^. Then the 
identity element of G(^) is 1 = [0] and the inverse of [u] with respect to the 
group multiplication reads [i^] -1 = 

Definition 2 We say that the gauge group is the vector representation of 
G{rj) and denote G{rj) = vect[G(rj)]. The representation spin[G(r])} carried 
by the space ^> and generated by the spin operators 

S & " = { 1 $ ] (2) 

is called the spinor representation ofG(fj). The spin operators are the basis 
generators of the spinor representation spin[g(r])} of the Lie algebra g(^). 

In general, the spinor representation is reducible. Its generators are self- 
adjoint, S a/3 = S a @, and satisfy 

[S^,7l = ^V-^V), (3) 

[^api = KV&f Sfo — V&& Sfo + T]0 a S&f — Sad) , (4) 

as it results from Eqs. (JTJ) and (J2J). It is obvious that Eq. (jlj) gives just 
the canonical commutation rules of a Lie algebra isomorphic with that of 
the groups G(rj) or G(^) [TIJ[I3]. The spinor and vector representations are 
related between themselves through the following 
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Theorem 1 For any real or complex valued skew- symmetric tensor u & s = 
—ujr,- the matrix 

pa 

r(w) = e-tfM , S(u) = ±u &$ S & ^ (5) 
transforms the gamma-matrices according to the rule 

[T( W )r 1 7 TM=Aj W )/ ) (6) 

where 
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Proof: All these results can be obtained using Eqs. (JTJ and (0). ■ 

The real components u & & are the parameters of the covariant basis of the Lie 
algebra g(?y) giving all the transformation matrices T(u) G spin[G(rf)] and 
A (a;) G vect[G(rj)}. Hereby we see that the spinor representation spin[G{rf)} 
is unitary since for uo G R the generators S(u) G spin[g(rj)] are self-adjoint, 
S(u) = S(u), and the matrices T(u) are unitary with respect to the Dirac 
adjoint satisfying T(u) = [T(u;)] _1 . 

The covariant parameters to can also take complex values. Then this 
parametrization spans the complexified group of G(r/), denoted by G c (?7), 
and the corresponding vector and (non-unitary) spinor representations. Ob- 
viously, in this case the Lie algebra is the complexified algebra g c (^)- We note 
that from the mathematical point of view G(tj) = vect[G(j])] is the group 
of automorphisms of the tangent fiber bundle T(M n ) of M n while the trans- 
formations of G c (rj) = vect[G c (j])] are automorphisms of the complexified 
tangent fiber bundle T (M n ) <g> C. 

2.2 The Dirac field 

With these preparations, the gauge-covariant theory of the Dirac field ip can 
be formulated starting with the standard Dirac gauge invariant action [TT] . 
This gives the Dirac equation Dip = irtQip where mo is the fermion mass and 
the Dirac operator has the form 

D = i^V^ 1 ^ x ) = e^x) 1 & . (8) 
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The covariant derivatives V M = e^V„ = V M + T s ^ m are formed by the usual 
ones, V M (acting in natural indices), and the spin connection 

pspin _ % _ Bf^a-pa _ £° \ ■ 

giving = (d„ + r;f n )v>. 

Now it is obvious that our definition of the generalized Dirac adjoint is 
correct since 7^ = 7^ and r = — r* pm such that the Dirac operator results 
to be self-adjoint, D = D. Moreover, the quantity ipip has to be derived as 
a scalar, i.e. V^ipip) = V^ipip + ^ — d^ipip) , while the quantities 
?/'7 Q 7 /3 . . .tp behave as tensors of different ranks. 

Thus we reproduce the main features of the familiar tetrad gauge co- 
variant theories with spin in (l+3)-dimensions from which we can take over 
all the results arising from similar formulas. In this way we find that the 
point-dependent matrices 7^(2) and S^ v {x) = e l i(x)e u ~(x)S al3 have similar 
properties as (JTJ), (J2J), © and (JU), but written in natural indices and with 
g(x) instead of the flat metric 77. Using this algebra and the standard no- 
tations for the Riemann-Christoffel curvature tensor, R a /3^ u , Ricci tensor, 
R a p = R a ^p v g^ v ', and scalar curvature, R = R^g^, we recover the useful 
formulas 

V^(7^)=7^, (9) 

[v M , v^ = ±ik/wr t VV, (10) 

and the identity R a pnvl l3 l tJ 'l u = —2Raul u that allow one to calculate 

D 2 = -V 2 + \R1, V 2 = g^V M V '„ . 

It remains to complete the operator algebra with new observables from which 
we have to select complete sets of commuting observables for defining quan- 
tum modes. These can be obtained as conserved operators associated to the 
isometries of M n . 

3 The external symmetry of the Dirac theory 

The relativistic covariance in the sense of general relativity is too general to 
play the same role as the Lorentz or Poincare covariance in special relativity 
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[T5j . In other respects, the gauge covariance of the theories with spin rep- 
resents another kind of general symmetry that is not able to produce itself 
conserved observable JH]. Therefore, if we look for sources of symmetries able 
to generate conserved quantities, we have to concentrate mainly on isometries 
that point out the spacetime symmetry giving us the specific Killing vectors 
[To] HT1 ITS] . The physical fields minimally coupled with the gravitational 
one take over this symmetry, transforming according to different representa- 
tions of the isometry group. In the case of the scalar vector or tensor fields 
these representations are completely defined by the well-known rules of the 
general coordinate transformations since the isometries are in fact particular 
coordinate transformations. However, the behavior under isometries of the 
fields with half integer spin is more complicated since their transformation 
rules explicitly depend on the gauge fixing. The specific theory of this type 
of transformations is the recent theory of external symmetry we present in 
this section [3]. 



3.1 The gauge and relativistic covariance 

The use of the covariant derivatives assures the covariance of the whole theory 
under the gauge transformations, 



x) -> ef(x)=A%[A(x)}e^(x), 

4{x) - e'l{x) = K£\A{x)}e^x) , (11) 
if)(x) — > i>'{x) = T[A(x)] ij){x) , 

produced by the mappings A : M n — > G(rj) the values of which are local 
transformations A(x) = [uj(x)} e G(r/) determined by the set of real functions 
Ufa, = —LOpp, defined on M n . In other words A denotes sections of the spinor 
fiber bundle that can be organized as a group, Sec(M n ), with respect to the 
multiplication x defined as {A' x A)(x) = A'(x)A(x). We use the notations 
Id for the mapping identity, Id(x) = 1 G G(rj), and A" 1 for the inverse of A 
which satisfies (A -1 ) (a;) = [A(a;)] _1 . 

The general gauge- covariant theory of the Dirac spinors must be also 
covariant under general coordinate transformation of M n which, in the passive 
mode, 1 can be seen as changes of the local charts corresponding to the same 



1 We prefer the term of coordinate transformation instead of diffeomorphism since we 
adopt this viewpoint. 
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domain of M n fT7\ ITS] . If x and x' are the coordinates of a given point in two 
different charts then there is a mapping between these charts giving the 
coordinate transformation x — * x' = <f)(x). These transformations form the 
group Sec(M n ) with respect to the composition of mappings, o , defined as 
usual, i.e. (0' o 0)(x) = 0'[0(:r)]. We denote the identity map of this group 
by id and the inverse mapping of by -1 . 

The coordinate transformations change all the components carrying nat- 
ural indices including those of the gauge fields [THj changing thus the po- 
sitions of the local frames with respect to the natural ones. If we assume 
that the physical experiment makes reference to the axes of the local frame 
then it could appear situations when several correction of the positions of 
these frames should be needed before (or after) a general coordinate trans- 
formation. Obviously, these have to be made with the help of suitable gauge 
transformations associated to the coordinate ones. 

Definition 3 The combined transformation (A, 0) is the gauge transforma- 
tion given by the section A G Sec(M n ) followed by the coordinate transfor- 
mation G Aut(M n ). 

In this new notation the pure gauge transformations appear as (A, id) G 
Sec(M n ) while the coordinate transformations will be denoted from now by 
(Id, 0) G Aut(M n ). The effect of a combined transformation (A, 0) upon our 
basic elements is, x — > x' = <p(x), 



and e(x) — > e'(x') where e' are the transformed gauge fields of the components 



while the components of e! have to be calculated according to Eqs. (fT^j). 
Thus we have written down the most general transformation laws that leave 
the theory invariant. 

The association among the transformations of the gauge group and coor- 
dinate transformation leads to a new group with a specific multiplication. In 
order to find how looks this new operation it is convenient to use the com- 
position among the mappings A and (taken only in this order) giving the 
new mappings A o defined as (A o <f))(x) = A[<f)(x)]. The calculation rules 
Ido = Id, A oid = A and (A' x A) o = (A' o 0) x (A o 0) are obvious. In 
this context one can demonstrate 



tj){x) -> tfj'(x') = T[A(x)]ip(x) , 



(12) 




(13) 
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Theorem 2 The set of combined transformations of M n , Q(M n ), form a 
group with respect to the multiplication * defined as 

(A', 0') * (A, 0) = ((A' o 0) x A, 0' o 0) . (14) 

Proof: First of all we observe that (A,<p) = (Id,4>) * (A, id). Furthermore, 
one can verify the result calculating the effect of this product upon the field 

■0. ■ 

Now the identity is (Id, id) while the inverse of a pair (A, 0) reads 

(A0)" 1 = (^ 1 o0- 1 ,0- 1 ). (15) 

In addition, one can demonstrate that the group of combined transformations 
is the semi-direct product Q(M n ) = Sec(M n ) s Aut(M n ) between the group 
of sections which plays the role of invariant subgroup and that of coordi- 
nate transformations The same construction but starting with the group 
G c (r]) instead of G(rj) yields the complexified group of combined transfor- 
mations, Q c (M n ). 

The use of combined transformations is justified only in theories where 
there are physical reasons requiring to use local frames since in natural frames 
the effect of the combined transformations on the vector and tensor fields re- 
duces to that of coordinate transformations. However, the physical systems 
involving spinors can be described exclusively in local frames where our the- 
ory is essential. 

Definition 4 The spinor representation of Q(M n ) has values in the space 
of the linear operators U : \? — > \P such that for each (A, 0) there exists an 
operator U (A, 0) £ spin[Q(M n )] having the action 

U(A, 0)V = [T(A)iP] o 0- 1 = [T(A o 0- 1 )] (V of 1 ). 

This rule gives the transformations ()12|) in each point of M n if we put ip' = 
U(A,<j))ip and then calculate the value of ip' m the point x' = <p(x). The 
Dirac operator D covariantly transforms as 

(A, 0) : D(x) -> D\x) = T[A(x)]D(x)T[A(x)} , 

where D' = U(A, <p)D[U(A, 0)] _1 . In general, the combined transformations 
change the form of the Dirac operator which depends on the gauge one uses 
(D' ^ D). We note that for the gauge transformations with = id (when 
x' = x) the action of U(A, id) reduces to the linear transformation given by 
the matrix T(A) G spin[G(r])]. 
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3.2 Isometries and the external symmetry 

In general, the symmetry of the manifold M n is given by its isometry group, 
I(M n ) C Aut(M n ), whose transformations, x — > x'(x), are coordinate trans- 
formation which leave the metric tensor invariant in any chart [TBI I17| ITS*]. 

9°eW) dx » dx v = 9^(x) . (16) 

The isometry group is formed by sets of coordinate transformations, x — > 
x 1 = <f>z(x), depending on N independent real parameters, £ a (a, 6, c... = 
1,2, N), such that £ = corresponds to the identity map, 0^=o = id. 
These transformations form a Lie group equipped with the composition rule 



',0 » 



(17) 



where the functions p define the group multiplication. These satisfy p a (0, £) = 
P a (^)0) = £ a and p a (£ _1 ,£) = p a (£, = where £ _1 are the parameters 
of the inverse mapping of <p^, (ft^-i = 07 . Moreover, the functions p give 
the structure constants c a bc of this group [19 j which define the commutation 
relations of the basis generators of the Lie algebra i(M n ) of I(M n ). For small 
values of the group parameters the infinitesimal transformations, x^ — > x ,fl = 
x n _|_ £ a kg(x) + ■ • -, are given by the Killing vectors k a whose components, 



kt 



(18) 



satisfy the Killing equations k a ^. u ) = k afl;i/ + k avift = and the identities 

^aK,fi ~ K^a,)M + C abcK = ■ (19) 

The simplest representation of I(M n ) is the natural one carried by the 
space of the scalar fields i? which transform as i? — > i?' = i? o 07 . This rule 
defines the operator- valued representation of the group I(M n ) generated by 
the operators, 

L« = -iA£d M , a = l,2,...,N, 

which are completely determined by the Killing vectors. From Eq. ("I"""]) we 

see that they obey the commutation rules 

[L a , = ic a b c L c , 
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given by the structure constants of the Lie algebra i(M n ). 

In the theories involving fields with spin, an isometry can change the rel- 
ative positions of the local frames with respect to the natural ones. This fact 
may be an impediment when one intends to study the symmetries of these 
theories in local frames. For this reason it is natural to suppose that the 
good symmetry transformations we need are isometries preceded by appro- 
priate gauge transformations which should assure that not only the form of 
the metric tensor would be conserved but the form of the gauge field compo- 
nents too. However, these transformations are nothing other than particular 
combined transformations whose coordinate transformations are isometries. 



Definition 5 The external symmetry transformations, [A^,<f>^), are partic- 
ular combined transformations involving isometries, (Id,4>^) G I(M n ), and 
corresponding gauge transformations, (A^,id) G Sec(M n ) ; necessary to pre- 
serve the gauge. 

This requirement is accomplished only if we assume that, for given gauge 
fields e and e, A^ is defined by 

A%iA,(x)}=e«iMx)}^^e^(x), (20) 

with the supplementary condition A^ = q(x) = 1 G G(r/). Since 0g is an 
isometry Eq. (fT6|) guarantees that A[A^(x)] G vect[G(r))] and, implicitly, 
A^(x) G G(i]). Then the transformation laws of our fields are 



(Ap0 € ): 



x - 


-> x' 


= M x ) 


e(x) - 


-> e'(x') 


= e[(f>z(x)} 


e(x) - 


-> e'(x') 


= e[M x )\ 


i(}(x) - 


-> VV) 


= T[A((x)]i/){x 



The mean virtue of these transformations is that they leave invariant the 
form of the Dirac operator, D' = D. 

Theorem 3 The set of the external symmetry transformations (A%, 0^) form 
the Lie group S(M n ) C Q(M n ) with respect to the operation *. This group, 
will be called the group of external symmetry of M n . 
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Proof: Starting with Eq. (J2(Jj) we find that (A^ o 0^) x = A p m^, and, 
according to Eqs. (fH^ an d we obtain 

(A?, </> e ) * (A e , e ) = (i4„ (c , >0 , > ( 22 ) 

and (v4g =0 , 0^=o) = (Id, id), m 

From Eq. (}2*2*j) we understand that S^M^) is locally isomorphic with I(M n ) 
and, therefore, the Lie algebra s(M n ) of the group S(M n ) is isomorphic with 
i(M n ) having the same structure constants. There are arguments that the 
group S(M n ) is isomorphic with the universal covering group of I(M n ) since 
it has anyway the topology induced by G(7/) which is simply connected. In 
general, the number of group parameters of I(M n ) or S(M n ) (which is equal 
to the number of the independent Killing vectors of M n ) can be < iV < 

§71(71 + 1) US]. 

The last of Eqs. (J21)) giving the transformation law of the field ip defines 
the operator- valued representation (A^,(f>^) — > = U(A^,(j)^) of the group 
S(M n ), ' 

(U^)[Mx)]=T[A^x)]ij(x), (23) 

which is the spinor representation spin[S(M n )] C spin[Q(M n )] of the group 
S(M n ). This representation has unitary transformation matrices in the sense 
of the Dirac adjoint (T = T _1 ) and its transformations leaves the operator 
D invariant, 

U^DU^T 1 = D . 

Since A$(x) G G(r]) we say that spin[S(M n )} is inducedby the representation 
spin[G(rj)] H3EI]. 

Theorem 4 The basis generators of the spinor representation spin[s(M n )] 
of the Lie algebra s(M n ) are JTJ, 

X a = -ik^V^ + \ fc w e% S & ? . (24) 

Proof: The proof is given in |3j where we recover the important result of pQ 
derived for the Dirac field in M 4 . ■ 

Theorem 5 The operators \24\) are self-adjoint with respect to the Dirac 
adjoint and satisfy the commutation rules 

[X a ,X b }=ic abc X c , [D,X a ] = 0, a,6... = l,2,...,JV, (25) 

where c abc are the structure constants of the isomorphic Lie algebras s(M n ) ~ 
i(M n ). 
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Proof: The proof is based on the identities given in j^j. ■ 
The natural consequence is 

Corollary 1 The operators G spin[S(M n )] transform the basis generators 
X a according to the adjoint representation of S(M n ), 

UzXaU; 1 = Adj(OabX b , 

defined as 

Adj(0 = e * 0a *(*») , adj(X a ) bc = -ic abc , 
where adj(X a ) are the basis generators of the adjoint representation of s(M n ). 

Proof: This is a general result of the group representation theory [20J. We 
note that here the phase factors are chosen such that the commutators 

[adj(X a ), ad]{X b )} = ic abc adj{X c ) 

keep the form (|25|). ■ 

Whenever one can define a convenient relativistic scalar product in order to 
get only self-adjoint generators, the representation spin[S(M n )} is unitary. In 
this case one can define quantum modes correctly, using the set of commuting 
operators formed by the Casimir operators of spin[s(M n )], the generators of 
its Cartan subalgebra and the Dirac operator, D. 

4 Special geometries 

Apart from the standard Dirac operator, other operators of the same type 
may be defined with the help of suitable geometric objects as, for example, 
the K-Y tensors with some supplemental properties, known as complex struc- 
tures or unit roots [llj. However, such objects arise only in geometries with 
particular features. 

4.1 Kahlerian geometries 

A special type of geometries with many possible applications in physics is 
represented by the Kahlerian manifolds. In general, these are manifolds M n 
of even dimension, n = 2k, equipped with special geometric objects called 
complex structures. The complex structures are particular automorphisms h : 
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T(M n ) — > T(M n ), of the tangent fiber bundle T(M n ), which are covariantly 
constant and satisfy the algebraic property of a complex unit. This means that 
the matrix of ft, in a given basis, denoted by (ft), must satisfy the condition 

(ft) 2 = -l n (26) 

(where l n is the n x n identity matrix). The matrix (ft) in local frames 
is a pseudo-orthogonal point- dependent transformation of the gauge group 
G{rj) = SO(n+,n-) of M n . With the help of the complex structure ft one 
gives the following definition [221 I2H] : 

Definition 6 A Riemannian metric g on M n is said Kahlerian if ft is point- 
wise orthogonal, i.e., g(hX,hY) = g(X,Y) for all X, Y e T x (M n ) at all 
points x. 

In natural frames the matrix (ft) has the elements ft/£, defining a skew- 
symmetric second rank tensor with real-valued covariant components h uu = 
—h Vji which obey the condition g^uh^h^Q = g a p resulted from Eq. (jSHJ). 
The tensor h gives rise to the symplectic form u = \h Vii dx v A dx^ (which is 
closed and non-degenerate). However, alternative definitions can be formu- 
lated starting with both, g and u, which have to satisfy the Kahler relation 
Q{X,Y) = g(X,hY) (23 . 

A hypercomplex structure on M n is an ordered triplet h = {h 1 , h 2 , h 3 } of 
complex structures on M n satisfying 

(fr) (W) = -5 ij l n + e ijk (h k ), i,j,k... = 1,2,3. (27) 

In Lie algebraic terms, the matrices ~ (&) realize the su(2) algebra. 

Definition 7 A hyper-Kahler manifold is a manifold whose Riemannian 
metric is Kahlerian with respect to each different complex structures ft 1 , ft 2 
and ft 3 . 

4.2 Isolated unit roots 

The complex structures are real-valued K-Y tensors since the classical ge- 
ometric objects are in general real fields. However, the theories with spin 
could involve even complex-valued K-Y tensors generating new Dirac-type 
operators. Based on this argument, we considered complex- valued complex 
structures called unit roots [TTj. 



15 



Definition 8 The non singular real or complex-valued K- Y tensor f of rank 
2 defined on M n which satisfies 

fZfo = 9afs (28) 

is called an unit root of the metric tensor g of M n , or simply an unit root of 
M n . 

One can show that the unit roots are covariantly constant K-Y tensors which 
satisfy the algebraic condition (f) 2 = — l n , equivalent to Eq. (|25j). 

It is known that the unit roots are allowed only by manifolds M n with 
an even number of dimensions, n = 2k. Our previous results show that the 
matrices of the unit roots are unimodular (i.e., det (/) = 1) and completely 
reducible in 2 x 2 diagonal blocks [TT] . Hereby it results 

Theorem 6 The unit roots are usual complex structures with real matrices 
only when n + and n_ are even numbers. In the case of odd values of n + and 
n_ the unit roots have complex-valued components. 

Proof: The proof is given in Ref . JI] . ■ 

Thus we understand that the unit roots are defined in a similar way as the 
complex structures with the difference that the unit roots are automorphisms 
of the complexified tangent bundle, / : T(M n ) ®C — > T(M n ) £g>C. Therefore, 
when / has complex-valued components, the matrix (/) is a transformation 
of the complexified group G c (rj). 

Each unit root / can be seen as the basis of the one-dimensional linear 
real space Lf — {p\p = af, a G R} whose elements apart from are called 
roots since (p) 2 = —a 2 l n . The quantity \a\ play here the role of the norm 
of the root p = af. When the unit root / is complex- valued, there exists 
the adjoint root /* which differs from / and satisfies [(/)* , (/)] = 0. The 
unit root /* is the basis of the linear space of roots Lf*, defined in the same 
manner as Lf. As observed in Ref.pi] the spaces Lf and Lf* can not be 
embedded in a larger linear structure. 

4.3 Triplets of unit roots 

The next step is to look for manifolds allowing families of unit roots f = 
{f l \i = 1,2, ...Nf} having supplementary properties which should guarantee 
that: (I) the linear space Lf = {p\p = pif \ pi 6 R} is isomorphic with a real 
Lie algebra, and (II) each element of Lf — is a root (of arbitrary norm) . In 
these circumstances we have demonstrated the following theorem 
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Theorem 7 The unique type of family of unit roots with Nf > 1 having the 
properties (I) and (II) are the triplets f = {f 1 , f 2 , f 3 } which satisfy 

(f) (f i ) = -SijK + £iik(f k )> hj,k... = 1,2,3. (29) 

Proof: We delegate the proof to Ref. [UJ. ■ 

Hereby it results that the matrices (f l ) and l n generate a matrix represen- 
tation of the quaternion algebra H. If the unit roots /* have only real- valued 
components we recover the hypercomplex structures that obey Eq. (|27j) and 
define the hyper-Kahler geometry. An example of hyper-Kahler manifold is 
the Euclidean Taub-NUT space which is equipped with only one family of 
real unit roots [T2*l ITT]. 

The manifolds with pseudo-Euclidean metric r) of odd signature have only 
pairs of adjoint triplets, f and f*, the last one being formed by the adjoints of 
the unit roots of f . The spaces Lf and Lf* are isomorphic between themselves 
(as real vector spaces) and all the properties of f * can be deduced from those 
of f using complex conjugation. Moreover, we must specify that the set 
Lf U Lf* is no more a linear space since the linear operations among the 
elements of Lf and Lf* are not allowed ^JJ. An example is the Minkowski 
spacetime which has a pair of conjugated triplets of complex- valued unit 
roots [TU] . 

The mentioned examples of manifolds possessing triplets with the prop- 
erties (J29|) are of dimension four. The results we know indicate that similar 
properties may occur for other manifolds of dimension n = 4k, k = 1, 2, 3, ... 
where we expect to find many such triplets j21] . The main geometric feature 
of all these manifolds is given by 

Theorem 8 If a manifold M n allows a triplet of unit roots then this must 
be Ricci flat (having R^ v = 0). 

Proof: As in the case of the hyper-Kahler manifolds, we start with the 
identity = f^ w p ~ f m p;a = f^R a va p + fauR' 7 ^, giving 

R^uafif^ a f V T = Rara/3 , (30) 

and calculate R^ a pf la(3 = R^f 3a a ((f) (f 1 ))^ = R^f u J 2aP = 
—Rpuvafif l0L ^ = . Then, permutating the first three indices of R we find the 
identity 

^Rfiavpf 10113 = Rfiiyafsf 1 ^ = . (31) 
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Finally, writing = R^f la T f^ T = -R^f la v f laP = 0, we draw the 
conclusion that the manifold is Ricci flat. The same procedure holds for f 2 
or / 3 leading to identities similar to (pHf . ■ 

Note that the manifolds possessing only single unit roots (as the Kahler ones) 
are not forced to be Ricci flat. 

The passing from the complex structures to unit roots has to be produc- 
tive from the Dirac theory where the complex-valued K-Y tensors could be 
involved in the theory of the Dirac-type operators. 

5 Dirac-type operators 

First of all, the unit roots are complex-valued covariantly constant K-Y ten- 
sors. It is known that any second rank K-Y tensor / (having the components 
fnv = -fu/i which satisfy the Killing equation, f^. a + = 0) gives rise to 
a specific first-order operator of the Dirac type acting in the space 

Definition 9 The operators 

D f = *y* (r;y, - 1 wv) , (32) 

constructed with the help of second rank K-Y tensors, f , are called Dirac-type 
operators. 

These are non-standard Dirac operators which have the remarkable property 
to anticommute with the standard Dirac operator, {Df, D} = [T]. These 
operators can be involved in new types of (super) symmetries. Moreover, new 
interesting superalgebras of Dirac-type operators can be obtained when the 
second-order K-Y tensors we use are unit roots. 

5.1 Operators produced by isolated unit roots 

The Dirac-type operator generated by an unit roots / has the simpler form 

Df = if;.YV v , (33) 

since the last term of Eq. fK->2l) vanishes in the virtue of the fact that / is now 
covariantly constant. The operators of this kind have an important property 
formulated in Ref. jUJ. 
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Theorem 9 The Dirac-type operator Df produced by the K-Y tensor f sat- 
isfies the condition 

(Df) 2 = D 2 . (34) 

if and only if f is an unit root. 

Proof: Arguments are given in [9 j showing that Eq. (}3"4*)) holds only for 
unit roots. Moreover, we note that for any unit root / the square of the 
Dirac-type operator (J33J) has to be calculated exploiting the identity = 

f^;a0 - fpr&a = f^R% a p + ftrvRfptf, whi ch gives 

R^uapf^a f V T = Rara/3 (35) 

and leads to Eq. ([34)1 . ■ 

Thus we conclude that the condition (}3"4*j) holds in any geometry of dimension 
n = 2k allowing unit roots (or complex structures). 

Another interesting operator related to / can be defined as follows. 

Definition 10 Given the unit root f , the matrix 

£/ = (36) 
is the spin-like operator associated to f . 

This is a matrix that acts on the space of spinors \I/ and, therefore, can be 
interpreted as a generator of the spinor representation spin[G(rj)\. From Eqs. 
and ()28|) one can verify that this generator is covariantly constant in the 
sense that Vj,(£/0) = £/Vj/0- Hereby we find that the Dirac-type operator 
(J2IIJ) can be written as 

D f = i [D, £ ; ] , (37) 

where D is the standard Dirac operator defined by Eq. (jSJ). In addition, we 
obtain the useful relations [Sj, D 2 } = \Ef, (Df) 2 ] = . 

When there is a complex-valued unit root / then /* ^ f and the cor- 
responding spin-like operators are related to each other as £/* = and, 
therefore, £y» commutes with D 2 . The Dirac-type operators Df and Df* = 
i[D, £/*] = D f satisfy (Df) 2 = (D r ) 2 = D 2 and 

{D f ,D} = 0, {Df,D} = 0. 

These properties suggest us to define Af = 2 superalgebras of Dirac op- 
erators. 
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Definition 11 Given an isolated unit root f, we say that the set df = 
{D(X)\D(X) = X D + X 1 D f ;X ,X 1 E R} represent the J\f = 2 real D- 
superalgebra generated by the unit root f . The complex D-superalgebra with 
the same generators, D and Df, but having complex-valued coefficients will 
be denoted by (d/) c . 

When f* f the D-superalgebra df* differs from df and, in general, these 
can not be embedded in a larger superalgebra. 



5.2 Operators produced by triplets of unit roots 

In the case of manifolds allowing triplets of unit roots, f = {f 1 , f 2 , f 3 }, 
satisfying Eq. ([29)1 . one can construct spin-like and Dirac-type operators for 
any unit root /'. Then it is convenient to introduce the simpler notations 
Ej = Sji and D l = Dp = i[D, E J ], i = 1,2,3. These operators have the 
same properties as those produced by isolated unit roots. In addition, from 
Eqs. (|29~|) we deduce that 



E\ E j 



(f), (P)\, v S^^2ie ijk H k . (38) 



Taking into account that E* are covariantly constant we find other important 
relations, 



D\ E j 



iSijD + ie ijk D 



When we work with triplets of complex-valued unit roots, we must consider 
the operators generated by the adjoint triplet f* whose properties have to 
be obtained simply using the Dirac conjugation as in the previous case of 
isolated unit roots. Thus it is not difficult to show that Em)* = E* and 
D (fi) , = TT. 

The triplets generates larger superalgebras whose algebraic structure is 
provided by 

Theorem 10 // a triplet f accomplishes Eqs. 112 ty) then the corresponding 
Dirac-type operators satisfy 

[D\ = 25 ij D 2 , {d\ D} = 0. (39) 

Proof: If % = j we take over the result of Theorem For i ^ j we take 
into account that M n is Ricci flat finding that D l and D^ anticommute. The 
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second relation was demonstrated earlier for any unit root. ■ 

Thus it is obvious that the operators D and D l (i = 1, 2, 3) form a basis of 

a four-dimensional superalgebra of Dirac operators. 

Definition 12 The set d f = {D(X)\D(X) = X D + X i D i ; A , Aj G M.} rep- 
resent the Af = 4 real D- superalgebra generated by the triplet f . The com- 
plex D-superalgebra (df) c /ias i/ie same basis but complex-valued coefficients, 
Ao, Aj G C. 

If the adjoint triplet f* differs from f then the (real or complex) D-superal- 
gebras generated by these triplets are different to each other and can not be 
seen as subspaces of a larger linear structure. The relation between these D- 
superalgebras is quite complicated and one must clear it up for each particular 
case separately. 

6 Symmetries generated by unit roots 

The D-superalgebras have the interesting property to present a new type of 
symmetries due only to the existence of the unit roots [TT]. These give the 
spin-like operators which generate transformations relating the Dirac-type 
operators and the standard Dirac one among themselves. These symmetries 
mixed with the transformations produced by isometries give the complete set 
of automorphisms of the above defined D-superalgebras. 

6.1 Symmetries generated by isolated unit roots 

In the simpler case of manifolds allowing only isolated unit roots / we have 
to study the continuous symmetry generated by the Lie algebra Lf which 
is able to relate D and Df to each other. Let us observe that the roots 
p = af G Lf define the sections A p : M n — ► G c (t}) of the complexified spinor 
fiber bundle such that A p (x) = \p(x)] G G c (r}). 

Definition 13 We say that G f = {(A p ,id) \p = af, a G M} C [Q c {M n )\ is 
the one-parameter Lie group associated to the unit root f . 

The spinor representation of this group, spin(Gf), is formed by all operators 
Up G spinQ(M n ) with p = af whose transformation matrices have the form 

T(af) = e-^f G spin[G c ( V )} , (40) 
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depending on the group parameter a G M. Since the matrices (jjOj) are just 
those defined by Eq. (JHJ) where we replace u> by the roots p = af G Lf, their 
action on the point-dependent Dirac matrices results from Eq. © to be, 

[T(a/)]"VT(a/) = A^(a/) 7 ,/ , (41) 

where = e^A^ef; are matrix elements with natural indices of the matrix 

A(af) = e a{f) = l„cosa + (/)sina, (42) 

calculated according to Eqs. (JJJ) and ()28jl. We note that this is a matrix 
representation of the usual Euler formula of the complex numbers. Now it is 
obvious that in local frames (/) = A(|/) G vect[G c (j])], as mentioned above. 

Theorem 11 The operators U p G spin(Gf), with p = af, have the following 
action in the linear space spanned by the operators D and Df: 

UpDiUp)- 1 = T{af)D[T{af)]~ l = Dcosa + L>/sin a , (43) 
UpDfiUp)- 1 = T(af)D f [T(af)}- 1 = -D sin a + D f cos a . (44) 

Proof: From Eq. ()42j) we obtain the matrix elements A^ u (af) = cos a 5% + 
sin a f? v which lead to the above result since as well as T(af) are covari- 
antly constant. ■ 

From this theorem it results that a G [0, 2n] and, consequently, the group 
Gf ~ U(l) is compact. Therefore, it must be a subgroup of the maximal 
compact subgroup of G c (r]). Note that the transformations (J4*3~)) and (|Hj) 
leave the operator D 2 = {Df) 2 invariant because this commutes with the 
spin-like operator which generates these transformations. 

In general, when / has complex components (and /* ^ f) then Lf* ~ 
so(2) is a different linear space representing the Lie algebra of vect(Gf*). 
These two Lie algebras are complex conjugated to each other and, therefore, 
remain isomorphic (as real or complex algebras). The relation among the 
transformation matrices of spin(Gf) and spin(Gf*) is T(af) = T(—af*) = 
[T(a/*)] _1 which means that when /* ^ f the representation spin(Gf) is 
no longer unitary in the sense of the generalized Dirac adjoint. However, if 
/* = / is a complex structure then M n is an usual Kahler manifold and the 
representation spin(Gf) is unitary. 
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The conclusion is that a unit root / gives rise simultaneously to a Dirac- 
type operator Df which satisfies Eq. ()34j) and the one-parameter Lie group 
Gf which relates D and Df to each other. This general result can be extended 
for the triplets too. 

6.2 Symmetries generated by triplets of unit roots 

In manifolds with triplets f = {J 1 ,/ 2 ,/ 3 } we shall find more complicated 
symmetries whose properties are provided by Eqs. (|29|) combined with the 
previous results pS jl -pp ]) . 

Definition 14 We say that G f = {(A p ,id)\p = pif G L t } ~ SU{2) C 
Gdrf) is the Lie group associated to the triplet f . 

The spinor and the vector representations of this group are determined by 
the representations of its Lie algebra, gf, resulted from Theorem [7| 

Theorem 12 The basis-generators ofvect(gf) = Lf are Ji = \ (/*) while the 
basis- generators of the algebra spin(gf) ~ su (2) read s t = (i = 1,2,3). 

Proof: From Eqs. (|2*^j) and (jHHl) we deduce that these generators satisfy the 
standard su(2) commutation rules. We note that they are Hermitian only in 
the Kahlerian case when f * = f . ■ 

The group vect{Gf) = {A(A p ) \ p G Lf, \\p\\ < 2n} of the vector representa- 
tion is the compact group formed by the matrices 

A(p) = e Pi ( fi ) = l ft cos ||p|| +!/<</*> sin ||p||, (45) 

where ||p|| = ^fpipl and z/j = for any p G Lf ~ su{2) ~ so(3). The 

action of the operators of the spinor representation U p G spin{Gf) is defined 
by the transformation matrices 

T{p) = e- ip '^ = e~ 2lp ^ , p = pif 1 G L f . (46) 

These have to be calculated directly from Eq. (J4*U|) replacing a = ±||p|| and 
/ = ±p/||p||. Then the transformations ()41|) can be expressed in terms of 
parameters pi using the matrices A(p). 

Hereby we observe that pi are nothing other than the analogous of the 
well-known Caley-Klein parameters but ranging in a larger spherical domain 
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(where ||p|| < 2tt) such that they cover twice the group Gf ~ SU(2), as we 
can convince ourselves calculating 

A(p) (f) A T (p) = %(2p) (P) , VA P G v«*(G f ) , (47) 

where 5H(2p) G 0(3) is the rotation of the Caley-Klein parameters 2pi. These 
arguments lead to the conclusion that vect(Gf) ~ SU(2) [T2~| . On the other 
hand, since the rotations (|4Tj) change the basis of L f leaving Eqs. (j2T?j) invari- 
ant, we understand that these form the group Aut(Lf), of the automorphisms 
of the Lie algebra Lf considered real algebra. 

The most important result here is that the operator D(v) = viD % defined 
by the unit vector v (with v 2 = 1) can be related to D through the transfor- 
mations and (J4l| of the one-parameter subgroup Gf P associated to the 
unit root fa = fif % . This is a subgroup of the group Gf which embeds all 
the subgroups defined by the unit roots fa. 

Theorem 13 The operators U p G spin{Gf), with p = pif 1 = ||p||z/j/ l ; trans- 
form the Dirac operators D, D l (i = 1,2,3) as 

UpDpp]- 1 = T{p)D[T{ P )}- 1 = D cos ||p|| +i/ i D i sin ||p|| , ( 4 §) 
UpD'lU,]- 1 = T(p)D i [T(p)]~ 1 

= D l cos ||p|| - {viD + Eij k VjD k ) sin ||p|| . (49) 

Proof: We consider the result of Theorem (jlljl for each one-parameter 
subgroup of Gf generated by the unit root fv = Vif % - ■ 

In the non-Kalerian manifolds equipped with pairs of adjoint triplets f 7^ 
f*, the corresponding Dirac- type operators D l and D are different to each 
other. In other respects, the generators S* are not Hermitian and this forces 
us to operate with non-unitary representations of the group Gf ~ SU{2). In 
these conditions it may be necessary to extend the symmetry groups consid- 
ering the complexified group (Gf) c ~ SL(2, C) of Gf having the same trans- 
formations PH|) and (J4TJJ) but with complex- valued parameters pi G C [TT] . In 
this case one doubles the number of generators of the spinor or vector repre- 
sentations. More precisely, the basis generators of the spinor representation 
of the complexified algebra spin(gf) c are Sj = and fj = (±)|E l while the 
corresponding vector representation, vect(gf) c , is generated by Jj = ~ (f l ) 
and Ki = ±~ (/*). Obviously, according to Eqs. (j2ll|) and (jHEJ), these gener- 
ators satisfy the standard s/(2,C) commutation rules, 

[Sj, Sj] i^ijkSk 1 Tj\ ^ijk^k ; ['"ij Tj\ i^ijkSk 5 (50) 
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and similarly for Jj and Aj. The spinor and vector representations of the 
group (Gf*) c are generated by §i and fj and respectively J* and K*. 

7 The effect of isometries 

Beside the types of continuous symmetries we have studied, the isometries 
could have some non-trivial effects transforming the unit roots as well as the 
Dirac-type operators. 

7.1 The invariance of isolated unit roots 

Let us start with manifolds M n with isolated unit roots / generating M = 2 
real superalgebras, df. The basis (D, Df) can be changed through the trans- 
formations ()43|) and (|44p that preserve the anticommutation relations. When- 
ever the manifold has a non-trivial isometry group I(M n ) then an arbitrary 
isometry x — > x' = 4>^(x) transforms / as a second rank tensor, 



/.-M-w^sr '■*<*>■ (51) 



Since there is only one / we are forced to put f — f which means that this 
remains invariant under isometries. 

Theorem 14 Aut(d/) = spin(Gf) ~ SO (2) is the group of automorphisms 
of the D-superalgebra df. 

Proof: This group must be Abelian since M = 2. Thus there are no 
transformations different from (J43j) and (|44j) . This is in accordance with the 
invariance of / under isometries. ■ 
A consequence is given by 

Corollary 2 If a manifold M n with the external symmetry group S(M n ) has 
a single unit root, f , then every generator X E spin[s(M n )} commutes with 
D f . ' 



Proof: We calculate first the derivatives with respect to £ a of Eq. (jBTj) for 
f = f and £ = 0. Then, taking into account that / is covariantly constant 
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we can write f a \k \* = fp\k. a for each Killing vector field k defined by Eq. 
(fT%J) . This identity yields 

[X, £/] = , [X, D f ] = , Vie S pzn[s(M n )] , 

which means that the operators £/ and Df are invariant under isometries. 
■ 

7.2 The transformation of triplets under isometries 

The case of the hyper-Kahler manifolds is more complicated since a triplet 
f gives rise to Dirac-type operators D l = D % which anticommute with D 
and present the non-Abelian continuous symmetry discussed in the previous 
section. In this case we have to study the group of automorphisms of this 
D-superalgebra, Aut(df), and its Lie algebra, aut(df). The transformation 
matrices T(p) commute with D 2 , leaving Eqs. invariant under transfor- 
mations (|48jl and ()49j1 which appear thus as automorphisms of df. Conse- 
quently, the group of these transformations, spin(Gf) ~ SU (2), is a subgroup 
of Aut(df). However, we need more automorphisms in order to complete the 
group Aut(df) with more ordinary or invariant subgroups, isomorphic with 
SU{2) or 0(3). These supplemental automorphisms must transform the op- 
erators D % among themselves preserving their anticommutators as well as the 
form of D. Therefore, these may be produced by the isometries of M n since 
these leave the operator D invariant. 

In what concerns the transformation of the triplets f under isometries 
we have two possibilities, either to consider that all the unit roots f 6 f 
are invariant under isometries or to assume that the isometries transform 
the components of the triplet among themselves, f n = SR^/-', such that Eqs. 
(|29|) remain invariant. The first hypothesis is not suitable since we need more 
transformations in order to fill in the group Aut(df) when we do not have 
other sources of symmetry. Therefore, we must adopt the second viewpoint 
assuming that the components of f are transformed as 

f ^ X,) ^^ = ^ x)f ^ xh (52) 

by 3 x 3 real or complex-valued matrices 9i which must be orthogonal in 
order to leave Eqs. (|29|) invariant. According to these equations, the matrix 
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elements can be put in the equivalent forms 

1 ■ o d$(x)dd) u Jx) . 

= ±f*Hx)mMxM%lMx)]fUMx)]- (53) 

The last formula is suitable for calculations in local frames where we must 
consider the external symmetry using the gauge transformations A[A^(x)] G 
vect [G (77)] defined by Eq. (|2*U|) and associated to isometries for preserving 
the gauge. 

The matrices <K might be point- dependent and depend on the parameters 
£ a of I(M n ). This means that the canonical covariant parameters = —oJji 
giving the expansion = 5ij+LJij + ■ • • are also depending on these vari- 

ables. Then, for small values of the parameters £ a the covariant parameters 
can be developed as = £, a c ai j + ... emphasizing thus the quantities c ai j we 
shall see that do not depend on coordinates. 

Theorem 15 Let M n be a manifold having the triplet of unit roots f = 
{f 1 , f 2 , f 3 } and a non-trivial isometry group I(M n ) with parameters £ a and 
the corresponding Killing vectors 



Then the basis- generators \2$ of the spinor representation spin[s(M n )] and 
S* satisfy 

[X a ,Y?]=ic aij Y,\ a = l,2,...,N, (54) 
where c a ij are point-independent structure constants. 

Proof: Deriving Eq. (J52)l with respect to £ a in £ = we deduce 

fli\ka;u ~ flx^a;^ = ^aijffa, ) (55) 

which leads to the explicit form 

^aij = ~ ~ k a , k a = / ^ k a ^. v . (56) 

Bearing in mind that = and using f tfJ,u k aiJj -u-o- = R^ a u ka\f l ^ v and Eq. 
(JHU, we find V ff /r* = P^ka^p-a = which means that d a c a ij = 0. Finally, 
from Eq. (jB3j) we derive the commutation rules (|54p. ■ 
An important consequence is given by 
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Corollary 3 The basis generators X a G spin[s(M n )] and the Dirac-type op- 
erators of the M = 4 superalgebra df obey 

[X a ,D i ]=ic aij D j . 

Proof: This formula results commuting Eq. (J54*|) with D. ■ 
We note that the structure constants c a ij take complex values in the non- 
Kahlerian case when f * 7^ f . In other respects, the previous theorem provides 
the form of the matrices <K. 

Corollary 4 Eq. \5'J\) defines the point-independent 3x3 matrices of the 
form, 

*(0 = , (SQij = -tc aij , (57) 

whose generators satisfy the commutation rules ofi(M n ), 

[X a , X;,] = ic a f) C X c . (58) 

Proof: These matrices are point-independent since c a ij are structure con- 
stants. If we commute Eq. (J53jl with X b using Eqs. (|25j) and (JoTty we obtain 
Eq. dSHD- ■ 

The above results lead to the following conclusion: 

Corollary 5 The group Of = {&(£) | (Id,(j)^) G J(M„)} is a representation 
of the group I(M n ) induced by the group O c (3). 

Proof: The matrices (|H7j) are orthogonal since they are generated by the 
skew-symmetric generators defined by Eqs. ()57|) and (|56|). These matrices 
may have complex-valued components which means that the representation 
Of is induced by O c (3). ■ 

In the Kahlerian case, when f* = f and c a y G R, this representation is 
induced by the orthogonal group 0(3). 

Now we can point out how act the isometries x — > x' = 4>%{x) on the 
operators D l . 

Theorem 16 The Dirac-type operators D l produced by any triplet f trans- 
form under isometries (A^, <j)^) G S(M n ) according to the transformation rule 

{U^U^)Mx)\ = [T(A{)D i T(A^)~ 1 ](x) = ^(£)£> J » , (59) 

where the action of the operator G spin[S(M n )} is defined by Eq. \2'J\) . 
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Proof: From Eqs. (|36|) and (J52|) we derive 



(U^U^i^x)] = [T(^)S i T(^)- 1 ](x) = , (60) 

which leads to Eq. (|59|) after a commutation with D that is invariant under 
Ut.w 

8 The automorphisms of df and (df) c 

Now we have a complete image of the symmetries that preserve the anti- 
commutation rules of the real superalgebra df in a hyper-Kahler manifold. 
These are given by the transformations defined by Eqs. ([48)1. (|4"9*j) and ([59)1 . 
In what concerns the structure of the groups of automorphisms of the M = 4 
D-superalgebras, the problem must be treated separately in the Kahlerian 
and non-Kahlerian cases. 

Let us consider first the hyper-Kahler manifolds. 

Theorem 17 Whenever f* = f the group Aut(df) = spin[Gf s S(M n )] is a 
representation of the semi-direct product Gf s S(M n ) where Gf is the invari- 
ant subgroup. 

Proof: We observe that in this case Of is an unitary representation of I(M n ) 
induced by 0(3). This means that the transformations ([59)1 lead only to real 
linear combinations of Dirac operators such that it is enough to study the 
automorphisms of the real D-super algebra df . The basis generators of the Lie 
algebra aut(d{) of the group Aut(d{) are the operators and X a that obey 
the commutation relations (|25|h (J5Uj) and (|54p. These operators form a Lie 
algebra since c a ij are point-independent. In this algebra gf ~ su(2) is an ideal 
and, therefore, the corresponding SU(2) subgroup is invariant. However, this 
result can be obtained directly taking (A%, <p^) G S(M n ) and (A p ,id) G Gf 
and evaluating (A%, <p^)*(A p , id)*(A^, ^) _1 = ([A% x (A p x A^^o^ 1 , id) = 
{A p i, id) where, according to ([217)1. p5j) and we have p' = pi6\ij(^)f j . 

Consequently, (A p i, id) G Gf which means that Gf ~ SU(2) is an invariant 
subgroup. ■ 

An interesting restriction can be formulated as 

Corollary 6 The minimal condition that M n allows a hypercomplex struc- 
ture is to have an isometry group that includes at least one 0(3) subgroup. 
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Proof: The subgroup 0(3) of Aut(d f ) needs at least three generators X a 
satisfying the su{2) algebra. Thus we conclude that S(M n ) must include one 
SU(2) group for each different hypercomplex structure of M n . m 
This restriction is known in four dimensions where there exists only three 
hyper-Kahler manifolds with only one hypercomplex structure and one sub- 
group 0(3) C /(M 4 ) |2II] ■ These are given by the Atiyah-Hitchin Taub- 
NUT and Eguchi-Hanson [27] metrics, the first one being only that does not 
admit more U(l) isometries [23I2H]- 

The case of the non-Kahlerian manifolds is more delicate since here the 
matrices *H are complex-valued orthogonal matrices of the complexified group 
O c (3). Consequently, these lead to linear combinations of the operators D l 
with complex-valued coefficients. In these circumstances we must consider 
the automorphisms of the complex D-superalgebra (df) c . However, this re- 
quires to use the complexified group (Gf) c ~ SL(2, C) instead of Gf . In this 
way we arrive at 

Theorem 18 Iff* ^ f then the group Aut(d f ) c = spin[(Gf) c s S(M n )} is the 
spin representation of the semi-direct product (Of) c s S(M n ) where (Gf) c is 
the invariant subgroup. 

Proof: The proof is the same as for Theorem (jl7j) . ■ 

Moreover, following similar arguments as in the case of the Kahlerian mani- 
folds, one can deduce the minimal condition that M n allows a pair of adjoint 
triplets. This requires the group S(M n ) to include at least one SL(2, C) 
subgroup since we need six generators for building the representation Of ~ 
0(3) c . The Minkowski spacetime which has a pair of adjoint triplets and 
0(3, 1) isometries is a typical example. 

9 The Minkowski spacetime 

Let us consider the Minkowski spacetime, M, with the metric g — rj — 
(1,-1,-1,-1) and Cartesian coordinates, x M (/z, z/, ... = 0, 1, 2, 3) represent- 
ing the time x° = t and the space coordinates x\ (i,j, ... = 1, 2, 3). We choose 
the usual gauge of inertial frames given by = = <5^. In this gauge we 
take the chiral representation of the Dirac matrices (with off-diagonal 7 = 7° 
[29J) where the standard Dirac operator reads 



D = 



( 





i(d t -B-d) 



i(d t + a-d) 





D(+) 
D<-> 



) 
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and the generators S^ u of the spinor representation of the group G(r]) = 
SL(2, C) have the form 

1 i 
S %3 = e ijk S k = -e ijk diag(a k , a k ) , S t0 = -diag(<7;, -at) . 

All these operators are self-adjoint with respect to the usual Dirac adjoint 
(X=7°X+7 )- 

The isometries of M are the transformations x 1 = A(u)x — a of the 
Poincare group, J(M) =V\ = T(4) s4 [G3- The group of external symme- 
try S(M) = V\ ~ T(A) s SL(2, C) is the universal covering group of I{M). 
If we denote by £^ = uj^ u the SL(2, C) parameters and by £W = a M those 
of the translation group T(4), then we obtain the standard basis generators 
of the algebra spin[s(M)], 

X(p) = id fl , 

which show us that in this gauge the Dirac field ip transforms manifestly co- 
variant. In applications it is convenient to denote = X(^, Ji = \eij k X^ k -) 
and Ki = X(pi) ■ 



9.1 Dirac- type operators 

The Minkowski spacetime possesses a pair of adjoint triplets f ^ f* [H 
The unit roots of the first triplet, f = {f 1 , f 2 , f 3 }, have the non-vanishing 
complex-valued components jjlQj 



^23 


= 1, 


foi 


= i 


J 31 


= 1, 


fo2 


= i 


f 3 
J 12 


= 1, 


f 3 
J 03 


= % 



These triplets satisfy the standard algebra and, in addition, the unit 
roots of different triplets commute with each other, 

p),(f J Y]=0, i, j = 1,2,3. (61) 

This property that holds in the Minkowski geometry seems to be particular 
since this could not be proved so far in the general case. 
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The first triplet, f, gives rise to the spin-like operators 




( 



Oi 




) 



while the second one, f*, yields 





(Ti 



) 



Because of the supplemental condition given by Eq. (jfiljl the operators E l and 
E have a special form. They act separately on orthogonal subspaces that are 
nothing other than the left (^l) and respectively right-handed (^r) chiral 
projections of the space of the Dirac spinors ^ = © ^/ R . Consequently, 
these subspaces will be the carrier spaces of the irreducible representations 
spin(Gf) and spin(G{*). In addition, it is interesting to observe that E^ + 



while the second triplet gives us D — i[D, E ]. The operators of each triplet 
and D obey the anticommutation rules (|3U|) and anticommute with 7 . The 
operators (D, D l ) form a basis for the D-superalgebra (df ) c while the con- 
jugated algebra (d f *) c has the basis (D,T?). It is remarkable that there are 
particular relations, 



involving operators from both different bases. 
9.2 Symmetries 

The next objective is to construct the groups of automorphisms of the com- 
plex D-superalgebras. The first group is Aut(df) c = spin[{Gf) c s S(M n )} 
where the isometries act according to Eq. (fHHJ) with D\ e Of ~ O c (3). 
Our general results indicate that the generators of spin(Gf) c ~ SL(2, C) 



E' 



= 2S\ 

The Dirac-type operators of the first triplet are 




(62) 



{D { ,D j } = -25^ + AViVj + 4te ijk V V k 
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are Sj = |EW and fj = |EW. These generators satisfy usual s/(2,C) com- 
mutation rules (|5()jl and commute with the basis generators of spm[s(M)] 
as 

["P M , r*] = , [cTi, r,-] = ^ijfeffe , [/Cj, fy] = ie ijk s k . (63) 

The transformations matrices T(p) (with p = Pi/^ and p« = p- + ip" where 
p^, pf G R) that give the transformation laws and (JlHjl are 

Tip) = e~ ipiT,i = e~ 2i ^ Si+p i fi ^ . 

as it results from Eq. (|46j) . Hereby we observe that the matrices T(p) act 
only on the left-handed subspace of the Dirac spinors. 

The next step is to construct the complex- valued orthogonal matrices of 
the group Of ~ O c (3) defined by Eq. (J53j) . These have the general form 

and constitute a representation of the group I(M) induced by the group 
0(3) c . Of course, the translations have no effects in this representation such 
that we are left only with the transformations A(u) G 0(3, 1). These give 
rise to non-trivial matrices as, for example, 

/ 1 \ / 1 \ 

&(<p) = cos<p sin<p , «H(a) = cosh a i sinh a , 
\ — sin <p cos (p J \ — i sinh a cosh a / 

calculated for non- vanishing parameters uj 2 3 = <p (a rotation around x l ) and 
respectively uo m = a (a boost along x 1 ). Thus we have all the ingredients we 
need to write down the action of the transformations of the group Aut(df) c . 
We note that Eqs. (jBSj) show that (Gf) c is an invariant subgroup. The second 
group of automorphisms, Aut(d f .) c , can be constructed taking into account 
that the transformation matrices of spin(Gf*) are T(p) and the group Of* is 
formed by the conjugated matrices <H*. We observe that T are generated by 
the matrices Sj and f, that act only on the right-handed subspace ^r. 

Hence it is clear that each chiral sector has its own set of unit roots 
defining Dirac-type operators and groups of automorphisms of the D-super- 
algebras for each chiral sector separately. The origin of this perfect balance 
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between the chiral sectors is the form of the operator D^D^ = D^D^ 
that commutes with ov 

Finally we note that the principal problem that remains open is the phys- 
ical significance of the new Dirac-type operators of the Minkowski spacetime 
we have studied here. 
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